Beilinson-Bernstein localization Sai Sivakumar

We state the Beilinson-Bernstein localization theorem and provide a couple examples.

These notes follow D-Modules, Perverse Sheaves, and Representation Theory by Hotta, Takeuchi, and Tanisaki,
Localization and Representation Theory of Reductive Lie Groups by Mili¢i¢, Representations of Reductive Lie
Groups (not yet published) by Mason-Brown, Localisation de g-modules by Beilinson and Bernstein, and summarize

examples from Four examples of Beilinson-Bernstein localization by Romanov.

These notes were submitted for a final project for a course in Archimedean representation theory taught by Lucas

Mason-Brown.

1 Statement of theorem

Theorem 1.1. Let G be a connected reductive group over an algebraically closed field k of characteristic 0, with
g = Lie(G) its Lie algebra. Fix b a Cartan subalgebra of g and a Borel subgroup B of G. Let U(g) be the universal
enveloping algebra of g, and let Z(g) be the center of U(g). Denote by X the flag variety G/B of G.

For any dominant and regular X € b* (i.e., (\,a") > 0 for all « € A, where A is the root system of g.), there is

an equivalence of categories

DA®U(G)/ ker x (7)
—

U(g)

Ker x -modules quasicoherent Dy-modules on X,

D ——
NG
where by quasicoherent we mean quasicoherent as an Ox-module. The map xx: Z(g) — k is the central/infinitesimal

character corresponding to X, and Dy s a sheaf of twisted differential operators corresponding to .

The functor Dy ®p(g) (—) is called localization. To elaborate on the last sentence of the theorem statement:

ker xx
The way the central /character X is obtained from A € bh* is by the Harish-Chandra isomorphism; specifically,
if HC: Z(g) — Sym(h)" is the Harish-Chandra isomorphism (with W the Weyl group obtained from h), then
Xx(z) = A(HC(z)). Because A is linear and k is a commutative algebra, A determines a unique map of algebras
Sym(h) — k, and restriction to Sym(h)"V gives a map which is unique up to the Weyl group orbit of X\. That is,
any element in the Weyl group orbit of A determines the same infinitesimal character. The trivial infinitesimal

character is obtained from any element in the Weyl group orbit of A = p, the half-sum of the positive roots in A.

We will discuss Dy-modules in the next section, after some exposition on sheaves of twisted differential operators.
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2 Sheaves of twisted differential operators

2.1 Definitions

The ordinary sheaf of differential operators Dx on X may be obtained in a few ways; one such way is by considering
the sheaf generated by Ox and the tangent sheaf Tx, both viewed as subsheaves of Endy,, (Ox) (where Ox includes
into &ndy,, (Ox) as multiplication by functions and we view the tangent sheaf as the sheaf of kx-linear derivations
of Ox). We consider sheaves of “twisted differential operators”, which slightly generalize the ordinary sheaf of

differential operators.

Consider the category of pairs (A, f), where A is a sheaf of k-algebras on X and f: Ox — A is a morphism of
sheaves of k-algebras. There is the natural inclusion i: Ox — Dy, so it follows that the pair (Dx,i) belongs to

the aforementioned category.

Definition 2.1. The pair (A, f) (often writing (A, f) as A) is called a sheaf of twisted differential operators if
(A, f) is locally isomorphic to the pair (Dx,1). T

A more concrete description: Let (A, f) be a sheaf of twisted differential operators. Then there exists an open
cover U = {U; | 1 < j < n} of X for which (A, f)|y, is isomorphic to (Dy;,iy;), for each 1 < j < n. For each
1 <j # k < n, there is also an automorphism ¢; of (Dy,nu,,iv;nv,,) for which the diagram

(Av f) |U]'ﬂUk

14
14

(DUjﬁUk)ZUjI"IUk) ¢jk (DUjﬂUk7/LUjﬂUk)
comiutes.

From a line bundle L over X, we can construct a sheaf of twisted differential operators using the following recipe.
Consider the corresponding locally free Ox-module £ of sections of L. We define the sheaf Df( by the filtration
D% = U,ez Fn D%, where

n < 0,

F,D% =
{p € Endiy (L) | [p, f] € Fo1D% for f € Ox C Endy, (L)} n>0.

Note that FyD% = Ox C Endy, (L), and that £ = Ox recovers the ordinary sheaf of differential operators; that
is, Dx = DYX.

The descriptions above tell us that by taking a sheaf of functions £ given by regular functions on open sets covering
X glued together in some way, we can obtain a sheaf of twisted differential operators D by taking ordinary sheaves
of differential operators on these open sets and gluing them together in a manner compatible with the gluing of

the functions in L.
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2.2 Equivariant sheaves

Let G act on X. If £ is a G-equivariant sheaf, then there is a ring homomorphism ¢: U(g) — I'(X,D%). In the
case that k = C, we can describe ¢ by the familiar formula

6@ = 5 (xplta)stexplia) ()

t=0

for a € g and s € L.

Since I'(X, £) is a representation of G, it is also a U(g)-module, where the map U(g) — End(I'(X, £)) coincides
with the composition of the maps U(g) = I'(X,D%) € End(I'(X, £)).

We are interested in forming these equivariant sheaves in the case when X is the flag variety G/B, in order to
define the sheaves of twisted differential operators D). We will restrict ourselves to the case when A is an element
of the weight lattice of the root system of g; that is, an element of P = {\ € h* | (\,a¥) € Z for all a« € A}.

Let A € P. Then the element A — p determines a character/one-dimensional representation of B, which we denote
by exp(A — p) (by extending A — p to a map on b and exponentiating; maybe we need G to be simply-connected
for this to work on the nose?). Form the associated G-equivariant line bundle L = G xZ exp(\ — p) and take its
sheaf of sections £. Then D, is defined to be the sheaf of twisted differential operators D)E(. The p-shift here is
needed in order to match the convention that the trivial infinitesimal character corresponds to the Weyl group
orbit of A = p.

It follows that global sections of Dy-modules are U (g)-modules. The content of the Beilinson-Bernstein localization
theorem is to add adjectives to A, Dy, and U(g)-modules until the global sections and localization functors define
an equivalence of categories (and prove that they do so). In these notes we restrict our view to special cases for

sake of being able to work out examples, which we do in the following section.

3 Examples for SLy(C)

What follows will be heavily abridged calculations, which we hope are reproducible given the scaffolding below.
The details are a combination of my calculations and Romanov’s. Let k = C and G = SLy(C). Give g = sl3(C)
the standard basis {e = (8 é),h = ((1) ,01),f = (? 8)} and choose the Cartan subalgebra h = Ch. Note that the
center Z(g) of the universal enveloping algebra U(g) is the polynomial algebra Clc|, where ¢ = h?/2 + fe + ef
is the Casimir element for slo(C). Choosing B to the be subgroup of upper triangular matrices, we can identify
X = G/B with P! via gB — g[1 : 0], where SLy(C) acts on P! by (¢ 8)[u: v] = [au + bv : cu + dv].

Give P! the usual open cover {Up, Uso }, where Uy = P!\ {00 = [0 : 1]} and U, = P*\ {0 = [1: 0]}. Both open sets
are identified with copies of C, Uy with coordinate z and U,, with coordinate w. The transition function is the

inversion map z — 1/z. In view of the identification G/B = P!, the open set Uy corresponds to { (1 ¢)}B and Us
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corresponds to {(¥ ')} B. The transition function between these two subsets of G/B is the identity map since

for 2 #£0, (L9)(V/= 1) = (17/12 [1)) Both descriptions will be useful.

The root system for sla(C) consists of two elements, {—2,2}, where by +2 we mean the maps h — £2. It follows
that p is the map 1: A +— 1, and that the weight lattice is Zp.

a ok

The character/one-dimensional representation of B obtained from the weight np—p is the map exp(np — p): (0 a71) —
a™!. Sections of the associated bundle G xZ exp(np — p) on the open set {(L 9)}B N {(¥ ')} B look like

s (1B (9 £C0) = (EDM= 2. (7= HED (=)
= (0= ()
and this back-of-envelope calculation justifies identifying the sheaf of regular sections of G' x? exp(np — p) with
the Serre twisting sheaf O(n — 1).

The sheaf of twisted differential operators D,,, = Dg(n_l) is given explicitly by defining it to be Dy, on U; for
1 = 0,00, and gluing on Uy N U by the map

n—1

Yz 2z, 0,0, — = 71y, (D),

(That is, the differential operator on the right hand side untwists, differentiates, and then retwists).

Since O(n — 1) is a G-equivariant sheaf (by translation), we can realize e, h, f € g as the following differential

operators on Uy, Uy, (using z as the coordinate on Uy and w as the coordinate on Uy):

e=2%0, —z(n—1) = =0y,
h=220,—(n—1) =—-2wd, + (n—1), and
f=-0; = w0y —w(n —1).

One can check that these expressions are compatible with the ring map i above, meaning that to go from a
differential operator in one coordinate to the other, we apply . Therefore, e, h, f may be realized as global

sections of D,,,.

3.1 Recovering the Borel-Weil theorem

Consider O(n — 1) itself as a D,,,-module for n > 0. Global sections of O(n — 1) may be identified with the space
of homogeneous polynomials in two variables of degree n — 1. Alternatively, by looking only at the sections on say
the Uy open set, we can identify global sections of O(n — 1) with polynomials in w of degree less than or equal to
n —1. A convenient basis for this vector space is {ug }1<p<n_1 = {1, —w, ..., (=1)*w* ... (=1)""tw"1}; and we

calculate the action of the differential operators e, h, f on these basis elements (using the expressions on the right
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hand side from above):

eup = kug_1,
hug = ((n — 1) — 2k)uy, and
fur = ((n = 1) = k)ug4r.

A pictorial representation of these actions is given by nodes representing the C-spans of each basis element wuj and
arrows indicating how each differential operator takes the basis element to a scalar multiple of some other basis

element.
—n+1 —n+3

n—>5 n—3 n—1
() O) . O ()n )
e X VSN

K\ K kT
~__® \_/("‘\_/(.\_j.\_ju.o
2 1

Un — Un— u u
n—1 n—1 n—2 n—=9 3 2 1

Here e acts as a lowering operator, f as a raising operator, and h as a diagonal matrix (this is reversed from the
usual roles of e and f since we chose to look at the sections on Uy and not Upy). The corresponding infinitesimal
character can be calculated by explicitly finding out how the Casimir element ¢ = %hQ + fe + ef acts on wug, and
it will end up being (n? — 1)/2. So we have recovered the irreducible n-dimensional representation of sly(C) of

highest weight n — 1, which matches the result from the usual Borel-Weil theorem.

3.2 Recovering Verma modules

This example will require some blackboxing of the theory of D-modules and it would probably be harder to
reproduce the result below. Consider the restriction of the action of G on P! to the unipotent subgroup N = {(1 ’1‘)}
of G. The orbits of this action are {0} = 0 and Ux.

We will consider just the point orbit (considering the other orbit is a dual situation to this one). The structure
sheaf on 0 may be pushed forward along the inclusion ip: 0 — X to a Dj,-module ig4 O on X. Since 0 is affine
and the support of this pushforward lies entirely in the affine open Upy, we only need to look at the Dy,-module

structure of the direct image of Op.

This direct image is given by Dyye0®@r(0,p,) I'(0, Oo) = Duye0®c C = Dyyeo, where Dy, o = T'(0, Op) Or(Un,00,)
I'(Uy, Dy,) is the left I'(Uy, Dy, )-module where the module structure is given by multiplication on the right factor
by the transpose/formal adjoint of a differential operator. Since I'(0, Op) = C|[z]/(z) as I'(Up, Oy, ) = C[z]-modules,
the direct image of the structure sheaf on 0 is isomorphic to the I'(Uy, Dy, ) = C(z,0,)/((0.2 — 20, — 1))-module

F(U07 DUO)/F(UOa DUo)Z = @ 3257
i=0

where §: C — C is the indicator function of 0 (a Kronecker delta as opposed to a Dirac delta since we are working
with left D-modules ~ spaces of functions, as opposed to right D-modules ~ spaces of distributions). Nevertheless
these derivatives are taken formally or perhaps in the sense of distributions, and we can calculate the action of

e, h, f on this space.
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Choose the convenient basis {my = (—1)*9%5/k!};>0 for the direct image module above.

calculations give

emyp = (—n — k)my—y for k >0,
emg = 0,
hmy = (—n — 1 — 2k)my, and
fmg = (k+ D)mypq.
The picture in this case looks like
—n—1-2k —n—5 —n—3 —n—1

Then some direct

Here e acts as a raising operator, f as a lowering operator, and h semisimply. The corresponding infinitesimal

character we calculate by calculating how the Casimir element acts on my, which in this case is also by (n? —1)/2.

So this procedure recovers the irreducible Verma module of highest weight —n — 1.
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